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We consider the spherically symmetric black hole solution of the Randall-Sundrum (RS) model.
This asymptotically-Schwarzschild solution was found by Abdolrahimi et al. (ACPY solution) [32].
We investigate the specific properties of the accretion disk around ACPY black hole having astro-
physical size and mass. The energy flux and temperature distribution are obtained and compared
with the Schwarzschild ones. We also present the spectral energy distribution of the accretion disk
around RS black holes, when the transfer function is taken into account. Thus we confirm a full
agreement of the accretion rate in RS model with the GR predictions. Using recent data on the
high-mass X-ray binary Cygnus X-1 and on the Galactic centre black hole candidate Sgr A* we
model the accretion in the RS model.
PACS numbers: 04.70.-s, 04.80.Cc, 95.30.Sf, 97.10.Gz
I. INTRODUCTION
Over the years various observational surveys such as
the Automatic Plate Measuring (APM) galaxy survey
[1], Sloan Digital Sky Survey (SDSS) [2], etc. were car-
ried out for studying galaxies and clusters. These obser-
vations demonstrated that almost all the active galactic
nuclei or black hole candidates are surrounded by the gas
clouds together with associated accretion disks. The sizes
of these accretion disks vary from 0.1 to several hundreds
parsecs [3]. The most powerful evidence for super massive
black holes existence appeares from the Very Long Base-
line Interferometry (VLBI). It is imaging molecular H2O
masers in the active galaxy NGC 4258 [4]. This imaging
was produced by Doppler shift measurements assuming
Keplerian motion of the masering source. These results
allowed a quite accurate estimation of the central mass:
a 3.6× 107M/M⊙ super massive dark object within 0.13
parsecs. Hence the important astrophysical information
can be obtained from the observation of gas streams mo-
tion in the gravitational field of compact objects.
Various independent high-precision observational data
sets confirm (with startling evidence) that the Universe
is undergoing a phase of accelerated expansion [5]. Sev-
eral ideas ranging from dark energy models to extended
theories of gravity (ETGs) [6–8] were proposed to ex-
plain this phenomenon. Specifically ETGs assume that
at large scales GR breaks down and the gravitational field
is described by a more generic action.
First consequences of the attempts to solve the hi-
erarchy problem were the particle physics modifications
around the TeV scale. Therefore the form of gravitational
interactions at distances shorter than a millimeter [9] is
allowed to be more complicated than usual Newtonian
one. In particular such modification could be achieved
by introducing of the extra dimensions. In older devel-
opments of string theory they were compact [10]. Randall
and Sundrum presented a new static classical 5D solution
of Einstein equations and showed that extra dimensions
do not necessary need to be compact.
Two possible applications of this solution were pro-
posed [11, 12]. In the first case (which we refer to as RSI)
there are two branes with non-vanishing tensions placed
at the orbifold fixed points [11]. Our Universe lives on
the brane with negative tension (“the visible brane”). All
the matter describing by three fundamental interactions
(strong, weak and electro-magnetic) is localized on this
brane. However gravity is able to propagate, in addition,
along the 5th dimension into the bulk. The exponential
warp factor appearing in the RSI model leads to a new
natural solution of the hierarchy problem [11]. In the sec-
ond (RSII) proposal [12] the visible brane has the positive
tension while the second brane is moved to the infinity.
Such topology provides an exciting example of a non-
compact extra direction, which nevertheless correctly re-
produces Newton’s law on the visible brane. However the
hierarchy problem is not completely solved in this par-
ticular case. RSII model needs an appropriately tuned
value of the tension on the brane. Such delicate adjust-
ment is equivalent to the cosmological constant problem.
The brane tension and bulk cosmological constant define
the shape of the bound state graviton mode. In addi-
tion to the bound state one, there is a continuum of the
Kaluza-Klein modes. These states have weak coupling to
low-energy states on the brane, but are essential for the
consistency of the full theory of gravity and would couple
strongly to Planck-energy brane processes [12].
The mass accretion on rotating black holes in station-
ary axisymmetric spacetimes in the frames of GR was
studied in details long ago [13–17]. The radiation emit-
ted by the accretion disk surface is studied under the
assumption of thermodynamical equilibrium of the disk.
2That is why black body radiation is a good approxima-
tion in this case [18]. So there is a possibility to test the
RS model using astrophysical observations of the emis-
sion spectra from accretion disks. The purpose of the
present paper is to study the properties of a thin accre-
tion disk around an RSII black hole and carry out an
analysis of the radiation emerging from the surface of
the disk.
The paper is organized as follows. In Sec. II we review
the formalism and the physical properties of the thin
disk accretion onto compact objects for stationary ax-
isymmetric spacetimes. In Sec. III we analyze the basic
properties of matter forming a thin accretion disk around
large black holes in the RSII model. We discuss and con-
clude our results in Sec. IV. Throughout this work we
use a system of units so that c = G = ~ = kB = 1, where
kB is Boltzmann’s constants.
II. ACCRETION DISK
The description of accretion process onto black holes
was developed in details by Bardeen and Press [13],
Novikov and Thorne [14], Shakura and Sunyaev [15–17],
Page and Thorne [18]. The particles constituting the ac-
cretion disk are assumed to move in circular orbits in the
frames of GR. The physical properties and the electro-
magnetic radiation characteristics of these particles are
determined by the geometry of the spacetime around the
compact object. For a stationary and axially symmetric
geometry the metric is given in a general form as
ds2 = gttdt
2 + 2gtφdtdφ+ grrdr
2 + gθθdθ
2 + gφφdφ
2. (1)
In the present work we consider a thin disk accretion,
therefore the equatorial approximation is used. The met-
ric components gtt, gtφ, grr, gθθ and gφφ depend on the
radial coordinate r only, and |θ − π/2| ≪ 1.
To compute the relevant physical quantities of thin ac-
cretion disks we determine the radial dependence of the
specific angular velocity Ω, the specific energy E˜ and the
specific angular momentum L˜ of particles [19, 20]:
E˜ = − gtt + gtφΩ√−gtt − 2gtφΩ− gφφΩ2,
L˜ =
gtφ + gφφΩ√−gtt − 2gtφΩ− gφφΩ2,
Ω =
dφ
dt
=
− gtφ,r +
√
(gtφ,r)2 − gtt,rgφφ,r
gφφ,r
.
(2)
The marginally stable orbit around the central object is
given by
0 = E˜2gφφ,rr + 2E˜L˜gtϕ,rr + L˜
2gtt,rr − (g2tφ − gttgφφ),rr,
(3)
where g2tφ− gttgφφ (appearing as a cofactor in the metric
determinant) never vanishes. Inserting (2) into (3) and
solving the obtained equation for r, we find the radii of
the marginally stable orbits, once the metric coefficients
gtt, gtφ and gφφ are explicitly given.
For a thin accretion disk its vertical size is assumed
negligible compared to its horizontal extension. So the
disk heightH , defined by the maximum of half disk thick-
ness, is always much smaller than the characteristic ra-
dius r of the disk, H ≪ r. The thin disk has an inner
edge at the marginally stable orbit of the compact ob-
ject potential, and the accreting plasma has a Keplerian
motion in higher orbits.
In steady-state accretion disk models the mass accre-
tion rate M˙0 is assumed to be a constant in time. This
quantity measures the rate at which the rest mass of the
particles flow inward through the disk. The radiation
flux F emitted by the surface of the accretion disk can
be derived from the conservation equations for the mass,
energy and angular momentum respectively. Then the
radiant energy F (r) over the disk is expressed in terms of
the specific energy, angular momentum and the angular
velocity of the particles orbiting in the disk [14, 18–20]:
F (r) = − M˙0
4π
√−g
Ω,r
(E˜ − ΩL˜)2
r∫
rms
(E˜ − ΩL˜) L˜,r dr, (4)
where rms is the marginally stable orbit obtained from
(3).
The other characteristic of the accretion process is con-
version efficiency. This value indicates how fast the cen-
tral object converts the rest mass into the outgoing radi-
ation. The efficiency is defined as the ratio of the rate of
the radiation energy of photons, escaping from the disk
surface to infinity, and the rate at which mass-energy is
transported to the central compact object. Both values
are measured at the infinity [14, 18]. If all the emitted
photons can escape to infinity, the efficiency is given in
terms of the specific energy measured at the marginally
stable orbit rms:
ε = 1− E˜ms. (5)
For Schwarzschild black holes the efficiency ε is about 6%,
whether the photon capture by the black hole is consid-
ered or not.
The accreting matter in the steady-state thin disk is
supposed to be in thermodynamical equilibrium. There-
fore the radiation emitted by a disk surface could be
considered as a perfect black body radiation. Thus the
energy flux is given by F (r) = σT 4(r), where σ is the
Stefan-Boltzmann constant. The observed luminosity
L(ν) has a redshifted black body spectrum [21]:
L(ν) = 4πd2I(ν) =
8
π
cos γ
rf∫
ri
2pi∫
0
ν3erdφdr
exp (hνe/T )− 1, (6)
where d is the distance to the source, I(ν) is the ther-
mal energy flux radiated by the disk (Planck distribution
3function), γ is the disk inclination angle, ri and rf indi-
cate the position of the inner and outer edge of the disk
respectively. Following the work [20], we expect the flux
over the disk surface to vanish at r →∞ for any kind of
general relativistic compact object geometry. Therefore
we take ri = rms and rf →∞. The emitted frequency is
given by νe = ν(1+z), and the transfer function (redshift
factor) can be written as [20]
1 + z =
1 + Ωr sinϕ sin γ√−gtt − 2Ωgtϕ − Ω2gϕϕ, (7)
where the light bending is neglected [22].
In the next sections we will calculate the energy flux,
temperature and luminosity of the accretion disk around
Schwarzschild and RSII black holes. We adopt the
following values for the two fundamental mass classes:
M = 14.8M⊙, M˙0 = 7.484× 10−7M/M⊙, which are the
best estimates available for the well-known stellar-mass
black hole Cygnus-X1 [23, 24], and M = 4 × 106M⊙,
M˙0 = 3 × 10−5M/M⊙ for the Galactic centre black hole
candidate Sgr A* [25–27].
III. RANDALL-SUNDRUM BLACK HOLES
A. ACPY solution
Several black hole solutions in RS model were pre-
sented in [28]. However for a long time it was argued
that stable static black hole solutions were applicable for
RSII. Some obtained solutions had a horizon radius not
greater than the AdS length ℓ [29]. Some authors [30]
proposed that stable RSII black holes could not exist at
all. Obviously, such an argument serves an extremely
strong evidence against the viability of the RSII model.
Nevertheless new solutions for large stable black holes
were found recently [31, 32]. The one obtained by Abdol-
rahimi, Cattoe¨n, Page and Yaghoobpour-Tari (ACPY so-
lution) [32] is especially interesting. It represents a spher-
ically symmetric static and asymptotically Schwarzschild
black hole solution. ACPY solution was found using an
explicit approximate metric for the black holes on the
brane. Abdolrahimi et al. have constructed an infinite
mass axisymmetric 5D black hole solution of the bulk
Einstein equation. This black hole solution with infi-
nite mass was used to find the metric of a large Randall-
Sundrum II black hole on the brane [32]. We refer the
reader to [32] for details and present the final metric given
by
ds2 = γµνdx
µdxν = −
(
1− 2M
r
)
dt2+
+
[
1− 1−Λ5r2
r − 2M
r − 1.5M
(
F − r dF
dr
)]
×
×
(
1− 2M
r
)−1
dr2 +
[
r2 +
F
−Λ5
]
dΩ2,
(8)
where Λ5 is the 5D cosmological constant characteriz-
ing the vacuum’s model qualities and F is a numerically
found 11th-order polinom given by
F ≈ 1− 1.1241
(
2M
r
)
+ 1.956
(
2M
r
)2
−
− 9.961
(
2M
r
)3
+ . . . + 2.900
(
2M
r
)11
,
(9)
with the normalized mean-square error JF ≈ 0.0000572.
In our previous work [33] we considered the weak field
limit for the RSII black hole solutions by Figueras and
Wiseman [31] and by Abdolrahimi et al. [32]. We showed
the good agreement with GR in PPN limit for both so-
lutions. Now we compare the accretion properties of the
ACPY solution with the standard Schwarzschild metric
case.
B. Integration Constants and Conversion Efficiency
Inserting the metric components of (8) into the expres-
sions (2) of the specific energy, specific angular momen-
tum and the angular velocity, we obtain
E˜ =
1− 2M
r√
1− 2M
r
−
(
r2 +
F
−Λ5
)
Ω2
,
L˜ =
(
r2 − F−Λ5
)
Ω√
1− 2M
r
−
(
r2 +
F
−Λ5
)
Ω2
,
Ω =
√√√√√ 2M/r
2
2r +
dF/dr
−Λ5
.
(10)
As (10) shows, the motion constants for the particles or-
biting in the equatorial plane depend on radial coordinate
r only. The non-vanishing function F gives a negligible
contribution to the volume element
√−gRS =
(
r2 +
F
−Λ5
)
×
×
√
1− 1−Λ5r2
r − 2M
r − 1.5M
(
F − rdF
dr
) (11)
as compared to the case of the equatorial approximation
for Schwarzschild black holes with
√−gGR = r2.
4FIG. 1: The radii of the marginally stable orbits rms for the ACPY black holes compared to the Schwarzschild values against
the bulk cosmological constant’s modulo value |Λ5| for M = 14.8M⊙ (left) and M = 4× 10
6M⊙ (right).
FIG. 2: Conversion efficiency ε for Schwarzschild black holes and the ACPY black holes against the bulk cosmological constant’s
modulo value |Λ5| in the bulk for M = 14.8M⊙ (left) and M = 4× 10
6M⊙ (right).
As a result, the properties of particles orbiting in
the equatorial plane of Schwarzschild and RSII black
holes are essentially the same. The main difference is
the location of the marginally stable orbits (FIG. 1),
and the accretion efficiency ε, (FIG. 2). However these
quantities are affected by the bulk cosmological constant
Λ5 & −10−13 for stellar-mass black holes (M = 14.8M⊙)
and Λ5 & −10−24 for supermassive black holes (M =
4× 106M⊙).
C. Flux, temperature and spectrum of the disk
In FIG. 3 and FIG. 4 we present the flux and temper-
ature distribution for the Schwarzschild and the ACPY
black holes respectively. The cosmological constant Λ5
runs from −2 × 10−15 to −5 × 10−14 a stellar-mass
black hole with M = 14.8M⊙ and from −2 × 10−25
to −5 × 10−26 to for a supermassive black hole with
M = 4× 106M⊙.
The plots in FIG. 3 show that the energy flux pro-
files of the disks within the RSII model deviate from the
Schwarzschild black hole case if Λ5 → 0, as expected. For
the largest values of Λ5 the inner edge of the accretion
disk is located at higher radius than the inner edge of
the disk around Schwarzschild black hole (FIG. 1). As
the quantities E˜, L˜ and Ω in the flux integral (4) for the
RSII model are still close to those for the Schwarzschild
case, for the higher boundary rms(ACPY ) > rms(GR),
the integral gives lower flux values. Thus the maximum
of the integrated flux is smaller in the RSII model and
decreases further while increasing the bulk cosmological
5FIG. 3: The energy flux F [erg/(s cm2)] distribution over the disks for Schwarzschild black holes and the ACPY black holes
against cosmological constant in the bulk Λ5 for M = 14.8M⊙ (left) and M = 4× 10
6M⊙ (right).
FIG. 4: The temperature T [K] distribution over the disks for Schwarzschild black holes and the ACPY black holes against
cosmological constant in the bulk Λ5 for M = 14.8M⊙ (left) and M = 4× 10
6M⊙ (right).
constant. The difference of the ACPY flux maximum
from the Schwarzschild achieves ∼ 103 times for stellar
black holes and ∼ 102 for supermassive ones.
Similar features can be found while plotting the tem-
perature profiles of the disk (FIG. 4). As the accretion
disk moves off from the ACPY black hole while increas-
ing the bulk cosmological value Λ5, the temperature gets
lower in ∼ 2.5 times for stellar black holes and ∼ 3 for
supermassive ones. However the differences here are less
than for the energy flux, since the temperature is propor-
tional to F 1/4.
The variation of the emission spectrum for different
values of the bulk cosmological constant is presented in
FIG. 5. The plots show that while Λ5 in the RS-gravity
increases, the cut-off frequency of the accretion disk spec-
trum decreases from the Schwarzschild value by 1/5 of
order approximately in both cases. Therefore they reach
the values about the 1.1× 1018 Hz for a black hole with
M = 14.8M⊙ type and 10
16 Hz for a black hole with
M = 4× 106M⊙ instead of 1.2× 1018 Hz and 1.21× 1016
Hz respectively.
However all these differences occur at very specific val-
ues of bulk cosmological constant Λ5. Generally the radi-
ation of the accretion disk around ACPY black holes pro-
duces the spectra similar to the standard Schwarzschild
case. Therefore the ACPY solution has a full agreement
with GR in the matter of accretion.
6FIG. 5: The accretion disks spectra νL(ν)[erg/s], ν[Hz] for Schwarzschild black holes and the ACPY black holes against
cosmological constant in the bulk Λ5 for M = 14.8M⊙ (left) and M = 4× 10
6M⊙ (right).
IV. CONCLUSIONS
In the present work we consider the matter forming
a thin accretion disk in stationary axisymmetric black
hole spacetime within the RSII model. We took into
account the black holes of two mass ranges. Cgn X-1
with M = 14.8M⊙ was taken as the example of the black
hole with stellar mass. Sgr A* with M = 4× 106M⊙ was
used as the example of the supermassive black hole.
The main physical parameters of the disk are the en-
ergy flux distribution, the temperature distribution and
emission spectrum. These quantites and the additional
ones such as the radii of the marginally stable orbits and
the conversion efficiency, were explicitly obtained for the
astrophysical-range black holes solution in RSII by Ab-
dolrahimi, Cattoe¨n, Page and Yaghoobpour-Tari with
different values of the bulk cosmological constant Λ5.
This solution appears to be asymptotically Schwarzschild
up to very small modulo values of the bulk cosmo-
logical constant Λ5. The notable differences from the
Schwarzschild case in the accretion disk properties ap-
pear at least for Λ > −10−12. However the ACPY black
hole solution was constructed for a bulk cosmological con-
stant Λ5 = −6 in the units of the curvature length scale
of the negatively curved five-dimensional AdS spacetime
(AdS length). That means that in the range of definition
of the ACPY solution shows a very good consistency both
with the GR predictions and the results of observations.
Abdolrahimi et al. have made an important step prov-
ing the existence of black holes of astrophysical scales
within the RSII model [32]. Our results presented in
this paper confirm the reliability of their solution. To-
gether with our previous conclusions on the weak-field
(PPN) limit [33] they are a strong argument in favor of
the ACPY solution and therefore in favor of the RSII
model as a whole.
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